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1. Let € > 0 be given. Take § = ¢, then for any tagged partition zq,--- ,x,

and tg,--- ,t,_1 with mesh < §, we have
flto)(wr —wo) + ) (wipr — @) = Y (wig1 — ;)
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Since £ > 0 is arbitrary, f is Riemann integrable on [0, 1] and fol f=1

To see that f is Darboux integrable, note that

n—1
Urp = Z(%’H —x;) sup f(x) =
i—0 €T, Tit1]
and
n—1 n—1
Lf7p = Z(.CCZ‘Jrl — l’l) e[inf | = Z Tiy1 — =1- (ill'l — l’o).
i=0 T i=1
Hence,

UfZZlez/Llszf
1

and f is Darboux integrable with fol f=

2. Let € > 0 be given. Take § = ¢, then for any tagged partition xg,--- ,z,
and to, -+« tp—1 with mesh < 9, we have

n—1 n—1
Z ft)(@ipr — @) — % - Z(%H — ;) %(%H + i) (i1 — i)
o .
= (2 () = 5 (@i = 20)) (@in1 — 2)
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Since £ > 0 is arbitrary, f is Riemann integrable on [0, 1] and fol f=1i

To see that f is Darboux integrable, note that

n—1 n—1
Urp = Z(%H —x;) sup f(z)= in+1($i+1 — ;)
i—0 x€[wi,Tit1] i=0
and
n—1 n—1
Lyp= Z(%H — ;) e[inf ]f(x) = in(xiﬂ — ;).
P TE|T4,Ti4+1 i—0
Since

n—1

1
Lip < Z §($¢+1 +x) (w1 — ;) < Uy p,
=0

by repeating the above calculations we get

szézéy.

Hence, f is Darboux integrable with fol f=1

. Note that
n—1 n—1
Uspp = Z(fb’iﬂ —x;) sup  f(x) = Z(%H —z;)-1=1
i=0 $€[$i7$i+1] i=0
and
n—1 n—1

Lip= Z(wiﬂ —x;) inf f(z) = Z(xiﬂ —x;)-0=1.

1/:0 xe[zi,xi+1]

szl#ozéy

. Let € > 0 be given. Choose N € N such that % < e. Take 6 = ¢, then for
any tagged partition zg,--- ,x, and tg,--- ,t,_1 with mesh < §, we have

Hence,

and f is not integrable.
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Note that there can only be at most N — 1 tags with ¢; > %, SO
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Since € > 0 is arbitrary, fo f=0.

. Let € > 0 be given. Since f is integrable, we can choose > 0 such that for
all partitions with mesh < ¢, we have

Uf’p — Lf,p < E.

Hence,

n—1

Usp = Lipp = Y (i — i) | sup  |f(x) — inf |f|(:v)>

1=0 <m€[mi,xi+1] 336[331',:131'_'_1]

n—1
<Y (i —xi) | sup f(z)— inf  f(x)
o T€[zi,mit1] r€[zi,2i41]
- Ufyp - LfJJ
< E.
Since £ > 0 is arbitrary, |f] is integrable.

By the hint, H = 3 (f + g+ |f — g|) and each term is integrable. Since,
integrable functions form a vector space, H is integrable.

n—1
S(af + B9, P, )= (af + Bg) (t:) (i1 — ;)
=0

n—1

= ) (@i — i) + B Z g(ti) (it — x;)

7=l

aS(f, P, )+ BS(g, P, ?>.

Now, let ¢ > 0 is given. Let 1,02 be chosen corresponding to ] |+|B|
cording to the definitions that f and g are integrable respectively. Take
d = min{dy, d2}, then for any tagged partition with mesh < §, we have

srssusa- (o1 [2)

b
S(f,P,?)—/f +|B|‘S(g7pv7)_/g

Since € > 0 is arbitrary, af + (¢ is integrable.

< |af

< €.
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7. Let y1,- -+, ym be points such that f # 0. Let M = maxi<j<,, f(y;). Let
€ > 0 be given. Set § = =5~
we have

-1

<ZM(5—5

xz—i—l - xz

1=0

Since £ > 0 is arbitrary, fa f=0.

Take h = f — g and apply the previous result to obtain the conclusion.

8. Note that
Lf,Pn S Tn(Pnaf) S Uf,Pn'

Since f is integrable, given € > 0 there exists sufficiently large N such that
Uf,pn — Lf,pn <e.
Therefore,

b
Tn(Pnuf)_/ fSUf,Pn_Lf,Pn <e€

and

b
/ f=T.(P,, f) <Usp, — Lyp, <e.

TP f) — [ f‘ < e and hence lim,_,o T,(P,, f) = [ f.

/abf:/abF/.

We use the same notations as in Q8 except we define

9. By Q7, F’ is integrable and

To(Po, F) = ZF’ ¢)?

where (; is the point such that
F(x;) = F(zio1) = F/(G) (i — @im1).-

Note that F(b) — F(a) = T,(P,, F) Yn € N. Using the same proof as in Q8
allows as to conclude lim,, ., T, (P, F) f F'.



10. Let € > 0 be arbitrary. Fix 0 <i <n — 1, let y;,y2 € [x;, x;41] such that

selontn] (%) () —e < (%) (y1)

infze[ri7zi+1] <%) (SL’) +e> <%> (yQ)

and

Then,

1 1
su — ) (x)— inf — ) (z
CUE[JCiaiIU)z'-&-ﬂ <f> ( ) z€[Ti,Tit1] <f> ( )

(o ()

f(y2) — fly1)

=2
= fy) f(ye)

< % + f(y2)7;2f(yl)

s % (xe[iggﬂ] fl@) = me[g,liﬂ] f(l’)) '
Letting ¢ — 0, we get
U <l P) —L (l P> < Ln_l(szc-ﬂ — ;) sup  f(z)— inf f(x)

f’ f’ —m? =0 ' ' T€[zi,wiq1] TE[T4,441]
1

Finally, given € > 0, since f is integrable, we can choose § > 0 corresponding
to m?e in the definition of f. Then, for all partitions with mesh < ¢,

UG,P) —L<%,P> < %(U(f,P)—L(f,P)) <e.

Since € > 0 is arbitrary, % is integrable.



