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1. (a) Suppose
∑∞

n=1 xn converge, show that xn → 0 and
∑∞

k=n xk → 0 as n goes to ∞.

(b) State the Cauchy Criterion for convergence of series.

(c) Prove the Comparsion Test. i.e. If {ak} and {bk} are two sequences of numbers

such that 0 ≤ ak ≤ bk for all k ∈ N. Then the convergence of
∞∑
n=1

bn implies the

convergence of

∞∑
n=1

an.

(d) Show that
∞∑
n=1

1

n
diverge and

∞∑
n=1

ne−n
2
converge.

(e) Show that for any ε > 0, the series

∞∑
n=1

n

n2+ε − n+ 1
converge.

2. (a) Suppose xn ≥ 0. Show that
∑∞

n=1 xn converge if and only if its partial sum is
bounded.

(b) Suppose xn ≥ 0 and
∑∞

n=1 xn converge. Show that the following series converge:

(i)

∞∑
n=1

x1+εn (ii)

∞∑
n=1

√
xn
n

(iii)

∞∑
n=1

√
xnxn+1 .

(c) Suppose
∑∞

k=1 ak and
∑∞

k=1 bk are series of positive numbers such that

lim
k→∞

ak
bk

= l, l > 0.

Prove that the series
∑∞

k=1 ak converges if and only if
∑∞

k=1 bk converges.

3. (a) State the Ratio Test for the convergence of series.

(b) Test the convergence of the series
∑∞

n=1 xn with general term:
(i) xn = ( n

2n+1)
n (ii) xn = 3n

n2 (iii) xn = nn

n! .

4. (a) State the Integral Test for convergence of series.

(b) For α > 0, consider the series

∞∑
k=1

1

(k + 1)[ln(k + 1)]α
,

Find the values of α at which the series converge.

(c) Give an exmaple of xn > 0 such that limn→∞ xn = 0 but

∞∑
n=2

xn
n log n

diverge.


