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Lecture 21: Integration by parts
Charles Li

Remark: the note is for reference only. It may contain typos.
Read at your own risk.

1 Integration by Parts
Let u(x) and v(x) be differentiable functions. By the product rule,

we have

or

dv d du
/u%d:v = /%(uv)dx—/v%dx

dv du
/u%daj—uv—/vﬁdw

/udv:uv—/vdu

The process is called Integration by parts
For the definite integral, we also have

b dw b b du
/au%dx—[uv]a—/a v%dx.

b b
/udv—[uv][;—/ vdu

which is

or

or



2 Examples

Example 2.1. Integrate involving e”

Compute | xe®dx.

/xe”ﬁdx = /xdex

= gz — | 8dx

Answer.

= xe* —e"+C

Example 2.2. Integration involving Inx
Using integration by parts to compute

/lnxdac, for x > 0.

Answer. Let u =1Inx, v = x, then

[Inzdx = xlnx—/a:dlnx

1
= xlnx—/$~—dx
T

= xlnx—/da:

= zlhhex—a+C

Example 2.3. Integration involving Inx

Compute
/ 22 Inzdx



Answer.
[2*lnzde = /(lnx)xde
d (x? 23
/(nx)dx(g)dx (u=Inz,v 3)

3
= /lnxdx—
3

= —lnx—/—d(lnx)
33 33

= x—lnx—/x—ldx
33 3237

= x—lnx— x—dx
33 33

x
= —lnzg—-—+C
nx 9 +

Example 2.4. Integration involving trigonometric functions

Compute
/ x cos xdx

Answer. Let u =z, dv = cosxdx. Then du = dxr and v = sin x.

/xcosmdx:/mdsinx

=zxsinx — /sinxdaz

=axsinx + cosx + C

Example 2.5. Integration involving Inverse trigonometric

function
FEvaluate
/ tan~! zdx.



Answer.

/tan_1 xdr = rtan 'z — /xdtam_1 T

4 / rdx
=xtan "z —
1+ 22

Let u = 1+ 22, du = 2xdu.

/xdm 1 du_ln|u|+c
1+22 2) w2 '
Hence (1 )
tan"' xdr = rtan ' x — w + C.
Example 2.6. Definite integral
Compute
/ zIn xdz.
1
Answer.

e e 2
/:Eln:cd:c:/ lnxdx—
1 1
{% nx} /—dlnx
(%lne——ln1> /1§dx
e? x
7[5
e? e
55
e 1
Tt

Example 2.7. Apply integration by parts twice

FEvaluate | x*e® dx.



Answer.

/CBQBx de = /:L'2 de”
= /2276 dx
= /2$ de”
= 2% — 2(ze” e’ dr)

2(
= 2% —2(1‘6 —e*+C)
= 2% — 2xe® 4 2" + '

Example 2.8. Apply integration by parts twice

Evaluate | e* cosz dx. [ |
Answer.
/e‘” cosxdr = /cosxdex
= e cosx + /e”‘" sin x dx
=" cosx + /sinxde“’

=e*cosx + e'sinx — /e“’" cos xdx.
We are back to the original integral, but with a negative sign! So

Q/excosxdx =e"cosx + e’ sinx

1
/e“ cosxdr = 5(@‘“c cosx + e”sinx) + C.

Example 2.9. Apply integration by parts several times

FEvaluate | x°cosx dx. |



Answer.

/x3cosxda::/x3dsinx

:as?’sina:—/sinxd(x?’) ::L'Ssin$—3/:v281nzvdx
3 2

=z smx+3/:c dcosz

= ¥ sinz + 3(a? cosm—/cosxd(x2))

3. 2

=z°sinx + 3x cosa:—6/xcosa:dx
:xSSinx+3xQCosx—6/9€dsinx

= 2’sinz + 32° cosx — 6(zsinx — /sin zdx)

= 23sinx + 3x%cosx — 6xsinz — 6cosx + C

3 Reduction formula

/ z"e"dx

and compute the integral for n = 3. |

Example 3.1. Evaluate

Answer. Let
u=2z" and dv = e*dz.

Then
du = nx" tdr and v = €*.

By integration by parts

/x"exdx =x"e’ — n/m”_lexda:

This is call the reduction formula because it replaces an integral
containing some power of a function with an integral of the same



form having the power reduced. When n = 0,
/ edr =e"+ C.
When n =1,

/xe””dx:xe’”—/exdx:xex—ew+0.

When n = 2,
/:BQexdx = 122" — 2 / ze®dx

= 22" — 2xe” + 2¢* + C.

/x?’erdx = 3¢ — 3 / r2e®dx
= 23e® — 32%e” + 62e” — 6 + C

Example 3.2. Find a reduction formula for

/ cos” xdx

w/2
/ cos* xdx.
0

and compute

Answer. Let

u=cos" 'z and dv = cos zdzx.

Then
du = (n — 1) cos" ? x(—sinx)dr and v = sin z.

Using integration by parts

/cos” wdr = cos" ' wsinz + (n — 1) /Sin2 x cos" 2 wdx
=cos" 'wsinz + (n—1) /(1 — cos?x) cos" % xdx

=cos" txsinz + (n — 1) /cosn_2x —(n—1) /Cos” xdx.



Thus
n/cos" rdr = cos" ' wsinz + (n — 1) /COSn_2 xdx.

So the final formula is

cos
/ cos" xdr =

n—1

rsine n-—1 B
+ cos" 2 xdx.
n n

Also

7r/2 n—1 . 7T/2 _ 1 7r/2
/ cos" xdx = [w] + n / cos" 2 xdzx.
0 0

n 0 n
o 1 71'/2
_n / cos" 2 xdx
n 0
Hence
/2 4—1 (™2 4—1 2—1 [™? 3
/ cos* xdx = —— / cos® xdx = X / dr = —W.
0 4 0 4 2 0 16



