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Lecture 16: Taylor Series
Charles Li

Warning: Skip the material involving the estimation of error term

Reference: APEX Calculus.
This lecture introduced Taylor Polynomial and Taylor Series. One of the problems
addressed by this chapter is this: suppose we know information about a function and its
derivatives at a point, such as f(1) =3, f'(1) =1, f"(1) = =2, f”(1) = 7, and so on.
What can I say about f(z) itself? Is there any reasonable approximation of the value of
f(2)?7 The topic of Taylor Series addresses this problem, and allows us to make excellent
approximations of functions when limited knowledge of the function is available.

1 Question related to polynomials

Example 1.1. Suppose
f(x)=ao+a(z—c)+ay(z—c)+as(x—c)®+- +an(z—0c)"

Find Qg .
Answer.
f¥(c)
ap = X .
The steps are given as below.
f(e) = ap.
f(x) = a; + 2ax(x — ¢) + 3az(x — ¢)* + -+ + nay(z — )"t
So
f(e) =as.
f"(x) = 2as + 6az(x — c) + -+ +n(n — Da,(z — )" 2.
So
1"(c) = 2as.
Similarly
B2 =klay+ Q- (k+1))z—c)+ 3 (k+2)(x—c)+-- -+
So
B () = klay.
" £9(c)
U = "



Example 1.2. Suppose p,(x) is a polynomial with degree n in the form of
ap + a1(z —c) +ag(x — c)* + -+ a, (v — )"

Find p,(z) such that

Answer. We can take

since
F¥(e) = pP(c) = Kay.

2 Taylor Polynomials

Consider a function y = f(z) and a point (c, f (c)) The derivative, f'(c), gives the
instantaneous rate of change of f at x = ¢. Of all lines that pass through the point
(c, f (c)), the line that best approximates f at this point is the tangent line; that is, the
line whose slope (rate of change) is f/(c).

In Figure 1, we see a function y = f(x) graphed. The table below the graph shows
that f(0) = 2 and f/(0) = 1; therefore, the tangent line to f at x = 0 is pi(x) =
1(x — 0) + 2 = x + 2. The tangent line is also given in the figure. Note that “near”
x =0, p1(z) = f(z); that is, the tangent line approximates f well.
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Figure 1: Plotting y = f(x) and a table of derivatives of f evaluated at 0.
f(0)=2 J7(0)=-1
f(0)=1 FW0) =-12
froy=2  fO0)=-19

One shortcoming of this approximation is that the tangent line only matches the slope
of f; it does not, for instance, match the concavity of f. We can find a polynomial, ps(x),



that does match the concavity without much difficulty, though. The table in Figure 1
gives the following information:
fO)=2 fO)=1  f0)=2.

Therefore, we want our polynomial py(z) to have these same properties. That is, we
need

p2(0) =2 py(0)=1  p5(0) =2

By the discussion in the previous section,

o) = 10+ 10 1O

This function is plotted with f in Figure 2.
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Figure 2: Plotting f, po and py.

f t f > X
—4 -2 4
y = p13(x)

Figure 3: Plotting f and pi3.

We can repeat this approximation process by creating polynomials of higher degree
that match more of the derivatives of f at x = 0. In general, a polynomial of degree
n can be created to match the first n derivatives of f. Figure 2 also shows py(z) =
—2*/2 — 23 /6 + 2% + x + 2, whose first four derivatives at 0 match those of f. (Using the

table in Figure 1, start with pff) (x) = —12 and solve the related initial-value problem.)



As we use more and more derivatives, our polynomial approximation to f gets better
and better. In this example, the interval on which the approximation is “good” gets
bigger and bigger. Figure 3 shows pi3(z); we can visually affirm that this polynomial
approximates f very well on [—2,3]. (The polynomial pi3(x) is not particularly “nice”.
It is

1690123 13212 1321z 779210 359z =& 13927 112®  192°  2* 2P

- - - — - - 42" 3 42)
6227020800 ' 1209600 39916800 1814400 362880 = 240 = 5040 ' 360 120 2 6

The polynomials we have created are examples of Taylor polynomials, named after
the British mathematician Brook Taylor who made important discoveries about such
functions. While we created the above Taylor polynomials by solving initial-value prob-
lems, it can be shown that Taylor polynomials follow a general pattern that make their
formation much more direct. This is described in the following definition.

Definition 2.1 (Taylor Polynomial, Maclaurin Polynomial). Let f be a function whose
first n derivatives exist at x = c.

1. The Taylor polynomial of degree n of f centered at x = c is

f"(e) f"(e)
!

pn(z) :f(C)+f/(0)(l’—0)+2—(:n—c)2+T(:U—c)3+---—|—

2. A special case of the Taylor polynomial is the Maclaurin polynomial, where ¢ = 0.
That is, the Maclaurin polynomsial of degree n of f is

70) 5 f"(0) 4
TR e TR

pn(x) = £(0) + £(0)

We will practice creating Taylor and Maclaurin polynomials in the following examples.

Example 2.1. Finding and using Maclaurin polynomials

T

1. Find the n™ Maclaurin polynomial for f(z) = e*.
2. Use ps(x) to approzimate the value of e.
Answer.

1. We start with creating a table of the derivatives of e” evaluated at x = 0.



flz)=¢" = f(0)=1
)= = =1
o) = = 0=

fO(z)=e" = fM™0)=1
By the definition of the Maclaurin series, we have

"0 an (0
p”<w):f(0)+f/(o)flf—l—f2(|):L’Z+f3(' )$3+__.+fn(' )x"
=1 1o, 13, 1 4 r .,
= +ZL’+§.’L’ —f—él' —}-ﬂx +...+ax‘

2. Using our answer from part 1, we have

1 1 1 1
=1 22 i3, 24 b
ps(2) +x+2x +6x +24£L‘ +120$
To approximate the value of e, note that e = e' = f(1) ~ ps(1). It is very straight-
forward to evaluate ps(1):
11 1 163

1
D=1+14-4-+—+— = — ~ 2.71667.
ps() =141+ 5+ 4o+ 0= 71667

A plot of f(x) = e® and ps(z) is given in Figure 4.
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Figure 4: A plot of f(z) = e* and its 5** degree Maclaurin polynomial ps(x).

Example 2.2. Finding and using Taylor polynomials
1. Find the n™ Taylor polynomial of y = Inx centered at x = 1.
2. Use pg(x) to approzimate the value of In1.5.
3. Use pg(x) to approzimate the value of In 2.



Answer.

1. We begin by creating a table of derivatives of In x evaluated at = 1. While this
is not as straightforward as it was in the previous example, a pattern does emerge,

as shown below.

f(z) =Inz
['(x) = 1/z
f'(x) = —1/a?
7(a) = 2/2°
fO(@) =—6/a
[ (x) =
(=) (n—1)!

L R

4

F(1) =0
7 =1
7(1) = -1
7(1) =2
7o) = -6

Foo) -
(—1)" 1 (n — 1)!

Using Definition 2.1, we have

pule) = 1) + FAe -+ L@+ T oy LDy

=0+ (z—1)

2! !

1 1 —
1V (=1 = S (=14 ...
(=1t ==+

Note how the coefficients of the (z — 1) terms turn out to be “nice.”

2. We can compute pg(z) using our work above:

1 1 1

(z—12+-(z-1>—=(@-1D)"+=(z—1)° = Z(z —1)%

4 > 6

Since pg(x) approximates Inz well near z = 1, we approximate In 1.5 ~ pg(1.5):

musy_@5—U—%u5—1f+%u5—1f—iu5—1f+u.

1
cee 4 —

5

259

640
~ 0.404688.

(1.5 —1)° — 2(1.5 —1)°

This is a good approximation as a calculator shows that In 1.5 ~ 0.4055. Figure 5
plots y = Inz with y = pg(z). We can see that In 1.5 &~ pg(1.5).



/ y = ps(x)

Figure 5: A plot of y = Inz and its 6 degree Taylor polynomial at x = 1.

3. We approximate In 2 with pg(2):

1 1 1
P2 =2-1)-52-1+32-1° - 2-D'+
1 1
221 =2 (2-1)°
+E2-1° 21
. 1+1 1+1 1
N 2 3 4 5 6
37
)
~ 0.616667.

This approximation is not terribly impressive: a hand held calculator shows that
In2 ~ 0.693147. The graph in Figure 5 shows that ps(z) provides less accurate
approximations of Inz as x gets close to 0 or 2.

Surprisingly enough, even the 20" degree Taylor polynomial fails to approximate
Inx for x > 2, as shown in Figure 6. We’ll soon discuss why this is.

2
y=Inx
/r,} X
1 2 3
-2
y = p2(x)
—4

Figure 6: A plot of y = Inx and its 20** degree Taylor polynomial at = = 1.

Skip the rest of this section



Theorem 2.1. Skip [Taylor’s Theorem)]

1. Let f be a function whose n + 1" derivative exists on an interval I and let ¢ be in
I. Then, for each x in I, there exists z, between x and ¢ such that

f"(c) f "™ (e)

21 n!

f@) = fle)+ f(e)x—c) + (=) +-+ (= ¢)" + Rn(),

where R, (z) = %(w — )+,
max ‘ f ("+1)(z)|

z between ¢ and x
2 |Fulw)] < (n+1)!

|(z — )"

Proof. Recall
F(e) = pale), F1(e) = Pu(0), ['(¢) = Pale), ., F(e) = P (e).
Let F(z) = f(z) — pu(z) and G(x) = (z — ¢)"*!. Then
F(c)=0,F'(c)=0,F"(c)=0,...,F™(c)=0

and
G(c) =0,G"(c) =0,G"(c) =0,...,G™(c) = 0.

(z)—F(c) f(z)—pn(z)

We apply Cauchy’s mean value theorem to g(z)fG(c) = “Ga—on with a = ¢ and

b = x. Then there exists z; between ¢ and x such that

F(x) _ F(z) - F(0)  F'(z)

Gx) G2)-GO) G'(=)

We can use Cauchy’s theorem again. There exists z5 between ¢ and z; such that

Fl(z1) _ F'(z) = F'(0) _ F'(2)
G'(2)  G'(2)—G'(0)  G"(z)

We can repeat the above process n times.

Flo) _ F(za) _ F'(z0) _ F"(z) _ _ FU™(z)
Glr) ~ C(z)  C"(za)  C"(z) G (z)’

where z; is between ¢ and z, 25 is between ¢ and zq, etc. Let z, = 2,.1. It is between ¢
and x. Note that

FOt)(2) = f0D(2) and GV (2) = (n 4 1)L,

8



Hence
F("'H)(zz)
(n+1)!

ntl _ f(nH)(Zw)

(n+1)! o

F(z) = f(z) — palz) = (z—c) (z —
for some z, between ¢ and x.
The other result follows easily.

O

The first part of Taylor’s Theorem states that f(z) = p,(x) + R,(z), where p,(x)
is the n'® order Taylor polynomial and R, (z) is the remainder, or error, in the Taylor
approximation. The second part gives bounds on how big that error can be. If the
(n -+ 1)" derivative is large, the error may be large; if « is far from c, the error may also
be large. However, the (n + 1)! term in the denominator tends to ensure that the error
gets smaller as n increases.

The following example computes error estimates for the approximations of In 1.5 and
In 2 made in Example 2.2.

Example 2.3. Skip
Finding error bounds of a Taylor polynomial
Use Theorem 2.1 to find error bounds when approzimating In 1.5 and In 2 with pe(x), the

Taylor polynomial of degree 6 of f(x) = Inx centered at x = 1, as calculated in Example
2.2.

Answer.

1. We start with the approximation of In 1.5 with pg(1.5). The theorem references an
open interval I that contains both x and c¢. The smaller the interval we use the
better; it will give us a more accurate (and smaller!) approximation of the error.
We let I = (0.9,1.6), as this interval contains both ¢ =1 and = = 1.5.

The theorem references max ‘ f (”H)(z)‘. In our situation, this is asking “How big

can the 7' derivative of y = Inx be between 1 and 1.5”? The seventh derivative is
y = —6!/27. The largest value it attains at z = 1. Thus we can bound the error as:

@)
max |fD(2))

7
<81
=79
~ 0.0011.

|Re(1.5)] <

(1.5 —1)7|

We computed pg(1.5) = 0.404688; using a calculator, we find In 1.5 ~ 0.405465, so
the actual error is about 0.000778, which is less than our bound of 0.0011. This



affirms Taylor’s Theorem; the theorem states that our approximation would be
within about 2 thousandths of the actual value, whereas the approximation was
actually closer.

2. The maximum value of the seventh derivative of f on this [1,2] occurs at z = 1.

IRe(2)] < maX|f ‘\ 17|

IN

This bound is not as nearly as good as before. Using the degree 6 Taylor polynomial
at « = 1 will bring us within 0.3 of the correct answer. As pgs(2) ~ 0.61667,
our error estimate guarantees that the actual value of In2 is somewhere between

0.61667 — 0.14286 = 0.47381 and 0.61667 + 0.14286 = 0.75953. These bounds are
not particularly useful.

In reality, our approximation was only off by about 0.07. However, we are approx-
imating ostensibly because we do not know the real answer. In order to be assured
that we have a good approximation, we would have to resort to using a polynomial
of higher degree.

Example 2.4. Skip

Finding sufficiently accurate Taylor polynomials

Find n such that the n™ Taylor polynomial of f(x) = cosx centered at x = 0 approi-
mates cos 2 to within 0.001 of the actual answer. What is p,(2)?

Answer. Following Taylor’s theorem, we need bounds on the size of the derivatives of
f(z) = cosx. In the case of this trigonometric function, this is easy. All derivatives of
cosine are £sinx or cosx. In all cases, these functions are never greater than 1 in
absolute value. We want the error to be less than 0.001. To find the appropriate n,
consider the following inequalities:

n+1
max ‘f ‘ | n-i—l){ S 0.001
(n+1)!
L om) <001
(n+1)!
We find an n that satisfies this last inequality with trial-and—error. When n = 8, we
8+1 9+1
have m ~ 0.0014; when n = 9, we have m ~ 0.000282 < 0.001. Thus we

10



want to approximate cos 2 with py(2).

We now set out to compute pg(x). We again need a table of the derivatives of
f(z) = cosx evaluated at = = 0. A table of these values is given below.

f(z) =coszx = f(0)=1
f'(x) = —sinx = f(0) =
f'(x) =—cosz = f"(0)=-1
f"(x) =sinx = f"0)=0
W(z)=cosz = fH0)=1
O)(z) = —sinz = fO0)=0
O(z) = —cosz = fO0)=-1
(N (x) = sinz = fM0)=0
®(x)=cosz = [fO0)=1
fO(r)=—sinz = fO0)=0

Notice how the derivatives, evaluated at = = 0, follow a certain pattern. All the odd
powers of x in the Taylor polynomial will disappear as their coefficient is 0. While our
error bounds state that we need po(z), our work shows that this will be the same as
ps(x).

Since we are forming our polynomial centered at x = 0, we are creating a Maclaurin
polynomial, and:

"(0 "o (8)
pg(x):f(o)+f/(0)x+f2(' ):C2+f3<' )x3+~~-+%x8
B 1, 1, 1 o1 8‘ I
=1- gt gt = gt g
We finally approximate cos 2:
131
2~ pg(2) = — 5z ~ —0.41587.

CoS pg( ) TE

Our error bound guarantee that this approximation is within 0.001 of the correct answer.
Technology shows us that our approximation is actually within about 0.0003 of the
correct answer.
Figure 7 shows a graph of y = ps(z) and y = cosz. Note how well the two functions
agree on about (—m, 7).
[ |

Example 2.5. Skip
Finding and using Taylor polynomials

1. Find the degree 4 Taylor polynomial, ps(x), for f(x) = \/x centered at x = 4.
2. Use py(x) to approximate V3.

11



— f(x) = cosx
Figure 7: A graph of f(x) = cosz and its degree 8 Maclaurin polynomial.

3. Find bounds on the error when approximating /3 with ps(3).
Answer.

1. We begin by evaluating the derivatives of f at x = 4.
f@)=vE = fd)=2

f@=57= = f@=;
P@) =t = PW=og
e (L
FO@) = = 9=
These values allow us to form the Taylor polynomial py(z):
pa() =2 Lo~ 4) + 0w 2y 20 gy TP gy

2. As py(r) =~ /T near x = 4, we approximate v/3 with p,(3) = 1.73212.

3. fONz) = ooz The largest value the fifth derivative of f(x) = v/z for x between

3 and 4 is at x = 3, at about 0.023388. Thus
0.023388
5!
This shows our approximation is accurate to at least the first 2 places after the
decimal. (It turns out that our approximation is actually accurate to 4 places after
the decimal.) A graph of f(z) = \/x and p4(x) is given in Figure 8. Note how the

two functions are nearly indistinguishable on (2, 7).

|R4(3)] < (3 — 4)°| ~ 0.0001949

12



—y ; pa(x)

t } X
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Figure 8: A graph of f(z) = \/x and its degree 4 Taylor polynomial at = = 4.

3 Taylor Series

In the previous lectures, we showed how certain functions can be represented by a power

series function, e.g.
22

e :1+x+2!

+...’

or

=l4a4a>+---.
1—=x

In 2, we showed how we can approximate functions with polynomials, given that enough
derivative information is available. In this section we combine these concepts: if a
function f(x) is infinitely differentiable, we show how to represent it with a power series
function.

Definition 3.1 (Taylor and Maclaurin Series). Let f(z) have derivatives of all orders
at x = c.

1. The Taylor Series of f(x), centered at c is

© L),
Zf !( )(x—c)".

n

2. Setting ¢ = 0 gives the Maclaurin Series of f(x):

— 70) .
go —

The difference between a Taylor polynomial and a Taylor series is the former is a
polynomial, containing only a finite number of terms, whereas the latter is a series, a

13



summation of an infinite set of terms. When creating the Taylor polynomial of degree
n for a function f(z) at x = ¢, we needed to evaluate f, and the first n derivatives
of f, at * = ¢. When creating the Taylor series of f, it helps to find a pattern that
describes the n'" derivative of f at & = c. We demonstrate this in the next two examples.

Example 3.1. The Maclaurin series of f(z) = cosz
Find the Maclaurin series of f(x) = cosz.

Answer. In Example 2.4 we found the 8% degree Maclaurin polynomial of cosz. In
doing so, we created the table shown below: A table of the derivatives of f(z) = cosz
evaluated at = = 0.

f(z) =cosx = f(0)=1

f'(x) = —sinx = f(0)=0

f'(x)=—cosz = f"(0)=-1

f"(x) =sinx = f"(0)=0

fW(@)=cosz = [fWB0)=1

fO(z) = —sine = fO0)=0

fO(x)=—cosz = fO0)=-1

f(z) =sinx = [fM0)=0

f®@)=cosz = fO0)=1

fO2)=—sine = fO0)=0

Notice how f ™ (0) = 0 when n is odd, f(0) = 1 when n is divisible by 4, and
f™(0) = —1 when n is even but not divisible by 4. Thus the Maclaurin series of cos x
N 2 ozt 2% 2B
- -y

2 4! 6! 8!
We can go further and write this as a summation. Since we only need the terms where
the power of z is even, we write the power series in terms of z2":

o0 220
nz;(—l)" o)
|
Example 3.2. The Taylor series of f(z) =Inz at z =1
Find the Taylor series of f(x) =Inx centered at x = 1.
Answer. The table below shows the n'® derivative of Inz evaluated at x = 1 for

n=0,...,5, along with an expression for the n'" term:
™) = (=1 (n—-1)! forn>1.

Remember that this is what distinguishes Taylor series from Taylor polynomials; we
are very interested in finding a pattern for the n'" term, not just finding a finite set of

14



coefficients for a polynomial. The table below shows the derivatives of In x evaluated at

rz=1.

f(z)=Inzx = f(1)=0

flx)=1/z = f(1 )—

f”(x) — —1/1’2 = f//( ) —
”(l’) 2/1,3 = f///( ) —
fO(a)=—6/a" = fU(1)= —6
5)(35) =24/ = fO(1)=24
e ) = f™(1)=

o DUy

Since f (1) = In1 = 0, we skip the first term and start the summation with n = 1,
giving the Taylor series for Inx, centered at x = 1, as

[e.e] o

L

Skip till Example 3.5

It is important to note that Definition 3.1 defines a Taylor series given a function
f(z); however, we cannot yet state that f(x) is equal to its Taylor series. We will find
that “most of the time” they are equal, but we need to consider the conditions that
allow us to conclude this.

Theorem 2.1 states that the error between a function f(x) and its n'®~degree Taylor
polynomial p,(x) is R,(z), where

max | f (n+1

(n+1)!

ufa)] < )y o).

If R,(x) goes to 0 for each = in an interval I as n approaches infinity, we conclude
that the function is equal to its Taylor series expansion.

Theorem 3.1 (Function and Taylor Series Equality). Skip Let f(z) have derivatives
of all orders at x = ¢, let R,,(x) be as stated in Theorem 2.1, and let I be an interval on
which the Taylor series of f(x) converges. If lim R, (x) =0 for all z in I, then

n—oo

= i f(:|(c) (x—c)" onl.
n=0 ’

15



We demonstrate the use of this theorem in an example.

Example 3.3. Establishing equality of a function and its Taylor series
Show that f(x) = cosx is equal to its Maclaurin series, as found in Example 3.1, for all
x.

Answer. Given a value x, the magnitude of the error term R, (z) is bounded by

max | f "D (2)]
(n+1)!

[Ru(2)] <

‘xn—&-l‘.

Since all derivatives of cosx are £ sinz or + cos x, whose magnitudes are bounded by 1,
we can state

1 n+1
)] < Gyl
which implies
Fiaal |2+ |
- < Rp(z) < —»>. 1
(n+1)! = <$)—(n+1)! (1)
QZTH_I
For any =, lim ——— = 0. Applying the Squeeze Theorem to Equation (1), we
n—oo (n + 1)!
conclude that lim R,(z) = 0 for all z, and hence
n—oo
>
cosx = -1)" for all x.
— (2n)!

[ |

It is natural to assume that a function is equal to its Taylor series on the series’

interval of convergence, but this is not the case. In order to properly establish equality,
one must use Theorem 3.1.

Example 3.4. Skip

Establishing equality of a function and its Taylor series

Show that f(x) = Inx is equal to its Taylor series centered at x = 1, as found in Example
3.2, for all x € (0.5,2).

Remark: The Taylor series converges on (0,2) but we can’t prove this by our technique
in this section.

Answer. Recall f(z) = V0= Given a value z € (0.5,2), the magnitude of

$TL

the error term R,(x) is bounded by

(n+1)
‘Rn(x)’ < Z betwgel]f?;{and 1. ‘ f ’ (Z)‘

- (n+1)!

’(x . 1)n+1’

16



1
= — — 1)t
(z betwgelr?:}c(and 1. (n + 1)z"+1> ‘(ZL‘ ) }
Ifx>1,
1 1
z betwgelfc}c(and 1. (n —+ 1)Zn+l - n-+1 ’
Then ( ) "
r—1)"
R, < —
’ (x){ - n+1
Because 1 > |z — 1|, lim |R,(z)| = 0.
n—oo
For 0.b <z <1,
1 1
max = )
2 between z and 1. (n + 1)2n+1 (n —+ 1)l‘n+1
Then -
1 1
R, < 1—-—
‘ (x)‘ n-+1 ’ T
Again, because
1
1——-1 <1
T
1 n+1
We can show that lim '1 - — =0.
n—oo N, + T
Combining all this,
lim |R,(z)| = 0.
n—oo

[ |
We develop the Taylor series for one more important function, then give a table of
the Taylor series for a number of common functions.

Example 3.5. Skip The Binomial Series Find the Maclaurin series of f(x) = (1 +
)%,k #0.

Answer. When £ is a positive integer, the Maclaurin series is finite. For instance, when
k = 4, we have
f(x)=(1+2)" =1+4a + 62° + 42° + 2"

The coefficients of « when k is a positive integer are known as the binomial coefficients,
giving the series we are developing its name.

When k£ = 1/2, we have f(x) = /1 +x. Knowing a series representation of this
function would give a useful way of approximating /1.3, for instance.

To develop the Maclaurin series for f(z) = (1+z)* for any value of k # 0, we consider
the derivatives of f evaluated at x = 0:

17



fl@)=(1+a)" f0) =1
fl(x) =kl +2)"" f'(0) =k
f'(@) = k(k = 1)1 +a2)"2 f(0) = k(k — 1)
f(@) = k(k = 1)(k = 2)(1 +2)" f7(0) = k(k = 1)(k —2)

fO@) =k(k—1)-(k—n-1D)1+2)*"" f™0)=k(k—-1)-(k—(n—1))
Thus the Maclaurin series for f(x) = (1 + z)* is

1+lm:+k(kQ!_l)x2+k(k_l?))!(k_Q)m3+...+k(k_l)mﬁ_(n_l))x”qt...

The error term

k(k—1)(k—n) .,
Rnia (@) = CES

for some z between 0 and xz. Then
(k=1)-(k—n)
(n+1)!

We can show that for |z| < 1, the RHS tends to 0 as n — oc.

k
[ R ()] <

|Z‘|n+1.

[
In below are some common Taylor series (Skip the interval of convergence)
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Interval

Function and Series First Few Terms C of
onvergence
(skip)
T __ = z" 1 1'2 33'3
e’ = _Om +x+§+§+~-- (—00, 00)
' 00 gt PR S
Slnx:;(—l)m x_§+§_ﬁ+... (—oo,oo)
o0 g 22 gt 46
COSIL‘:;(—l) o) 1_§+E_E+ (—00, 00)
= 1) (t=1?  (z—1)°
Inz — -1 i1 (@ 1) - _ 0.9
S (o= 1) - - (0.2
1 (e.)
1_x=nz%$n l+a+a*+2° 4 (—1,1)
2 k(k—1)---(k—(n-1) , k(k—1) ,
(1+x)’“:n§::o ;] x 1+k‘x+T$ + - (—1,1)
- x2ntl A
tan 'z = —1)" S ~1.1
anxnz;()%ﬂ rmyty ot =L

Theorem 3.2 (Algebra of Power Series). Let f(x) = Zan(x — )" and g(x) =
n=0

Z by(x — )" be the Taylor series centered at x = c. and let h(z) be continuous.
n=0

[e.e]

1. fl)£g(x) = (an£b,)(x— )"

n=0

2. f(x)g(z) = (Z an(z — c)”) (Z by (z — c)")

— Z (aobn + a1bp—1 + ... anbo) (xz — )™

n=0

3. f(h(z)) = Zan (h(z) —¢)".
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Example 3.6. Combining Taylor series

Write out the first 3 terms of the Taylor Series for f(x) = e* cos x using table above and
Theorem 3.2.

Answer. We can compute all the derivatives of e” cosx and compute the Taylor series
directly but this method is very slow (try it as an exercise). Instead we use Theorem 3.2
The above table informs us that

2 .1'3 1.2 .1'4

e :1+m+§+§+--- and COS$:1—§+Z+---.

Applying Theorem 3.2, we find that

2 3 2 It
e cosa::(l—i-x%—a—l—gjt-n) (1—54_14_...)_

Distribute the right hand expression across the left:

2 ot 2 ot x? 2 at
:1(1—§+J+--->+x<1—§+ﬂ+--->+§(1—§+I+--->

x3 x? ot xt 2 ot
+§(1_§+Z+"')+I<1_§+I+"'>+"'

Distribute again and collect like terms.

3 [L’4 ZL’5 ZL’7

X
— 14— = _ B T
T T T30 e T

Example 3.7. Creating new Taylor series
Use Theorem 3.2 to create series for y = sin(x?).

Answer. We can compute all the derivatives of sin(z?) and compute the Taylor series
directly but this method is very slow (try it as an exercise). Instead we use Theorem 3.2
Given that

. 00 . m2n+1 173 {L‘5 $7
Slnx—nZ:()(_:l) m:x—§+a—ﬁ+...’

we simply substitute 22 for x in the series, giving
o0
(22)2+1 6 10 14

Qn+ 1)l " T3 T s T
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Theorem 3.3 (differentiation of the Power Series). Let f(z) = Z an(x —c)". be the
n=0

Taylor series centered at x = c.

1. The Taylor series of f'(x) centered at x = c is

o0
Z na,(x —c)" '
n=1

2. Suppose F(x) is an antideriwative of f(z), i.e., F'(x) = f(x). Then the Taylor
series of F(x) centered at x = ¢ is

FO)+Y n‘f: (@ — o),

n=0

Example 3.8. Find the Maclaurin series of arctan(z).

Answer. We can find the all the derivative of arctan(x) but it will be very slow. (try
it!) Instead we use the above theorem.

1
%arctanx = T2

The Taylor series of ﬁ is
1—a?+a* —a%4 ...

Because arctan(z) is an antiderivative of = and arctan(0) = 0. The Taylor series of

arctan(z) is therefore

3 5 7

B x x x
arctan(x)—a:—§—|—€—7+... _
|
Interesting formula for 7: Let x = 1 in the above formula
us 1 1
Z:arctanlzl—g—i—g—?—f—

The convergence rate of the above formula for 7 is very slow. To compute 7 correct
to 3 decimal places, we need 4000 terms! Here is a better formula given by Chudnovsky
brothers.

112 i (6k)!(13591409 + 545140134k)
T 64032032 &= (3k)!(k!)3(—640320)3

Each new term gives about 14 new digits of «!
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4 More examples

Example 4.1. Find the Taylor series of m centered at x = 1.

Answer.
1 1 1
(x—-2)(xr—3) x-3 x-2
B —1 1 -1 1 1
2—(x—1) 1—(z—1) 21—zt 1—-(z—1)
=1 I .
n=0 n=0

Example 4.2. Find the degree 4 Taylor series of secx and tanx centered at x = 0.

Answer. First of all secx is an even function, so the coefficient of the odd degree term
of the Taylor series is 0. Hence the degree 4 Taylor series of sec x centered at x = 0 is

ap + a2x2 + a4x4.

Next
secrcosx = 1.
Now
N A x? xt ao, as ag, 4 ,
(ap+agz"+asx )(1—54—5) = a0+(a2—§)x +(a4—§+z)x +(terms with degree > 4).
Therefore
ag = 1
Qo
a9 — 5 =0
So
1
o — 5
az ~ ap
ay 5 Z O
So
1 I 5
ML u T m
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Hence degree 4 Taylor series of sec x centered at x = 0 is

2
2 24
Next
tanx = sinxsecw
a3 r? bzt
= (r — — + (terms with degree > 4))(1 + — + — + (terms with degree > 4)).
3! 2 24

3
x+ % + terms with degree > 4.

Hence degree 4 Taylor series of tanx centered at x = 0 is

23
xr+ —.
T
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