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Homework 2 (Due: April 6th). Give answers to all questions and hand in your solutions
directly to me in class on or before the due date.

Q1. Let u ∈W 1,1(Ω), and suppose that there are constants M > 0, 0 < α ≤ 1 such thatˆ
BR

|Du| ≤MRn−1+α for any BR ⊂ Ω.

Then u ∈ Cα(Ω), and for any BR ⊂ Ω

Osc
BR

u ≤ CMRα,

where C = C(n, α) > 0.

Hint: The result is due to Morrey. Compare it to Theorem 3.1 on page 48 of the textbook.

Q2. Modify slightly the proof of Lemma 3.7 (Page 53 of the textbook) to show: Let f be a
non-negative integrable function on Rn, and let α be a positive constant. Then there exists
a decomposition of Rn so that
(i) Rn = F ∪ Ω, F ∩ Ω = ∅.
(ii) f(x) ≤ α a.e. on F .

(iii) Ω is the union of cubes, Ω = ∪kQk, where interiors are disjoint, and so that for each
Qk,

α <
1

|Qk|

ˆ
Qk

f ≤ 2nα.

Hint: The result is a fundamental lemma by Calderon and Zygmund.

Q3. Let u be a weak solution to −∆u = f in Ω, i.e.,ˆ
Ω
DiuDiϕ =

ˆ
Ω
fϕ for any ϕ ∈ H1

0 (Ω).

Find an example showing that f ∈ C(Ω̄), u ∈ C1,α
loc (Ω) for any α ∈ (0, 1) while D2u is not

continuous in Ω. What if f ∈ Cα(Ω̄) and Ω has a smooth boundary? Justify your answer
in detail.

Q4. Complete the proof of Theorem 4.13 (page 83 of the textbook) in detail.

Q5. On page 90 of the textbook, it is written that the estimate on line 6:ˆ
|Dw|2η2 ≤ C

(1− γ)α

ˆ
w2(|Dη|2 + η2)

can be derived from the estimate on line 4:ˆ
B1

|Dū|2ū−β−1η2 ≤ C
{

1

β2

ˆ
B1

|Dη|2ū1−β +
1

β

ˆ
B1

|f |
k
η2ū1−β

}
,

where k = ‖f‖Lq > 0, but the details of the proof is omitted. Give reasons to fill the proof.

Hint: Apply Hölder with 1
q+ q−1

q = 1 to
´
B1

|f |
k η

2w2, interpolation to control ‖ηw‖L2q/(q−1)

by norms in L2∗ and L2, and then conclude the proof with Young’s inequality with ε > 0,
Sobolev inequality Ḣ1 ⊂ L2∗ .


