
Exercise 1. Show that for all x > 0

1 +
x

2
− x2

8
≤
√

1 + x ≤ 1 +
x

2
.

Exercise 2. Let f(x) = x1/3.

(a) Find the Taylor polynomial p2(x) of f(x), centered at x = 8 with degree 2.

(b) Estimate |f(x)− p2(x)| for (i) x = 8.1 (ii) x = 7.9.

Exercise 3. Let f(x) = cos(x). Let pn(x) be the Taylor polynomial of f(x) at x = 1 with degree n. Find the

smallest possible n such that

|f(x)− pn(x)| < 0.00001

for |x− 1| < 0.1.

Exercise 4. Find the Taylor polynomial of degree n centered at x = c.

1. ex

1+x , c = 1, n = 3.

2. cos(1 + x2), c = 0, n = 10.

3. arctan(x), c = 0, for general n.

4. sin(9x), c = 0, for general n.

5. ln 1+x
1−x , c = 0, for general n.

6. 2−x
3+x , c = 0, for general n.

Exercise 5. Find the following integrations

(a)
∫

(x− 1) sin(x)dx

(b)
∫ 4

1
1√

x(1+
√
x)
dx.

(c)
∫

x√
a2−x2

dx

(d)
∫

dx
(4−x2)3/2

(e)
∫

x5

x3−1

(f)
∫
x3 arctanxdx

(g)
∫
x4+x3+6x2+x+1

(x+1)(x2+1) dx

(h)
∫

sin(5x) cos(3x)dx

(i)
∫ 2π

0
x| cos(x)|dx

(j)
∫
e|x−1|dx.

(k)
∫

sin3(x) cos2(x)dx

(l)
∫

sec4(x) tan3(x)dx.

(m)
∫ 1+cos2(x)

1+cos(x) sin(x)dx (Hint: use t = tanx).

(n)
∫ 1+cos(x)

2+sin(x) dx (Hint: use t = tan x
2 .)

Exercise 6. Find F ′(x) for the following functions.

(a) F (x) =

∫ x

π

cos y

y
dy

(b) F (x) =

∫ x

−π
esin 2t dt

(c) F (x) =

∫ 1

x

√
1 + t2 dt

(d) F (x) =

∫ x3

0

eu
2

du
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(e) F (x) =

∫ √π
− sin x

cos(y2) dy

(f) F (x) =

∫ 2x

x

(ln t)2 dt

(g) F (x) =

∫ x3

x2

ecosu du

(h) F (x) =

∫ √ln x

−
√
ln x

sin t

t
dt

(i) F (x) =

∫ x2

x

x√
ln(t)

dt (Note: there is x in the inte-

grand, not a typo)

(j) F (x) =

∫ x

0

(et
2

− 1) ln(1 + x)dt.

Exercise 7.

f(x) =

∫ sin(x)

0

2 cos2(t)

2 + t
, g(x) =

∫ sin(x)

0

2 cos(x) cos(t)

2 + t
dt, h(t) =

∫ sin(x)

0

cos(t+ x)

2 + t
dt.

Find f ′(π), g′(π) and h′(π).

Exercise 8.

(a) lim
x→0+

∫ x

0

sin(t2)dt∫ x

0

t sin(t) cos(t2)dt

(b) lim
x→0+

∫ 0

x

√
4t2 + t6dt

x2

(c) lim
x→0+

∫ 3x+1

1

√
t5 + t3 + 1dx

ln(x+ 1)
.

(d) lim
x→0+

∫ sin(x)

0

t sin(sin(t))dt

x3

(e) lim
x→0

(
1

x4

∫ x

0

(et
2

− 1) ln(1 + t)dt

)

(f) lim
x→0

(
1

x4

∫ x

0

(et
2

− 1) ln(1 + x)dt

)

Exercise 9. (Level 3)

Prove the following reduction formulas.

(a) In =

∫
xneaxdx; In =

xneax

a
− n

a
In−1, n ≥ 1

(b) In =

∫
sinn xdx; In = −cosx sinn−1 x

n
+
n− 1

n
In−2, n ≥ 2

(c) In =

∫
cosn xdx; In =

sinx cosn−1 x

n
+
n− 1

n
In−2, n ≥ 2

(d) In =

∫
1

sinn x
dx; In = − cosx

(n− 1) sinn−1 x
+
n− 2

n− 1
In−2, n ≥ 2

(e) In =

∫
xn cosxdx; In = xn sinx+ nxn−1 cosx− n(n− 1)In−2, n ≥ 2

(f) In =

∫
dx

(x2 − a2)n
; In = − x

2a2(n− 1)(x2 − a2)n−1
+

2n− 3

2a2(n− 1)
In−1, n ≥ 1
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(g) In =

∫
xndx√
x+ a

; In =
2xn
√
x+ a

2n+ 1
− 2an

2n+ 1
In−1, n ≥ 1

(h) In =

∫
(lnx)ndx; In = x(lnx)n − nIn−1, n ≥ 1.

(i)

∫
sinn x cosm x dx =

sinn+1 x cosm−1 x

n+m
+
m− 1

n+m

∫
sinn x cosm−2 x dx, where m and n are natural numbers

and m ≥ 2.

(j) Show that for any integer n ≥ 2,∫
secn x dx =

secn−2 x tanx

n− 1
+
n− 2

n− 1

∫
secn−2 x dx

Exercise 10. Let Im =

∫ π/2

0

cosm t dt where m = 0, 1, 2, . . ..

(a) (i) Evaluate I0 and I1.

(ii) Show that Im =
m− 1

m
Im−2 for m ≥ 2.

Hence, evaluate I2n and I2n+1 for n ≥ 1.

(b) Show that I2n−1 ≥ I2n ≥ I2n+1 for n ≥ 1.

(c) Let An =
1

2n+ 1

[
2 · 4 · 6 · · · (2n)

1 · 3 · 5 · · · (2n− 1)

]2
where n = 0, 1, 2, . . ..

(i) Using (a) and (b), show that
2n+ 1

2n
An ≥

π

2
≥ An.

(ii) Show that {An} is monotonic increasing.

(iii) Evaluate lim
n→∞

1

2n+ 1

[
2 · 4 · 6 · · · (2n)

1 · 3 · 5 · · · (2n− 1)

]2
.

Exercise 11. FOr each non-negative real numbers α, β, define

Iα,β =

∫ 1

0

xα(1− x)βdx.

(a) Show that whenever α ≥ 0, β ≥ 1,

(α+A)Iα,β = βIα+1,β−1.

Here A is an integer whose value you have to determine explicitly.

(b) Hence, or otherwise, show that whenever m,n are positive integers

Im,n =
m!

n!
(m+ n+B)!.

Here B is an integer whose value you have to determine explicitly.

Exercise 12. Evaluate the following integrals of rational functions.

3



(a)

∫
x2dx

1− x2

(b)

∫
x3

3 + x
dx

(c)

∫
(1 + x)2

1 + x2
dx

(d)

∫
dx

x2 + 2x− 3

(e)

∫
dx

(x2 − 2)(x2 + 3)

(f)

∫
x2 + 1

(x+ 1)2(x− 1)
, dx

(g)

∫
x2

(x2 − 3x+ 2)2
, dx

(h)

∫
x2 + 5x+ 4

x4 + 5x2 + 4
, dx

(i)

∫
dx

(x+ 1)(x2 + 1)

(j)

∫
2x3 − 4x2 − x− 3

x2 − 2x− 3
dx

(k)

∫
4− 2x

(x2 + 1)(x− 1)2
dx

(l)

∫
dx

x(x2 + 1)2

(m)

∫
x2dx

(x− 1)(x− 2)(x− 3)

(n)

∫
xdx

x2(x2 − 2x+ 2)

Exercise 13. (Level 3)

Compute the indefinite integrals below:

(a) i.

∫
2x+ 4

x− 2
dx ii.

∫
x2 + 1

x+ 1
dx iii.

∫
x3

x− 1
dx

(b) i.

∫
(x+ 1)dx

(x− 1)2

ii.

∫
(x+ 6)dx

(x+ 2)(x− 3)

iii.

∫
4dx

x2 − 4

iv.

∫
x2dx

x2 − 4

v.

∫
(x2 + 1)dx

x2 + 3x+ 2

vi.

∫
(2x2 − 2)dx

2x2 − 5x+ 2

vii.

∫
dx

x2 + 4

viii.

∫
xdx

x2 + 4

ix.

∫
x2dx

x2 + 4
dx

x.

∫
(2x+ 5)dx

x2 − 2x+ 10

xi.

∫
(x2 + 15)dx

x2 − 2x+ 10

xii.

∫
(−x+ 1)dx

2x2 + 4x+ 5

Exercise 14. (Level 3)

Compute the indefinite integrals below:

(a)

∫
(x− 1)dx

(x+ 3)3

(b)

∫
(2x2 − 3x+ 3)dx

(x− 1)3

(c)

∫
(3x2 − 4x+ 4)dx

x(x− 1)(x− 2)

(d)

∫
(x3 − 4x2 − x+ 2)dx

x(x2 − 1)

(e)

∫
(10x2 − 10x− 20)dx

2x3 + 3x2 − 2x

(f)

∫
(x2 − 2)dx

x(x− 1)2

(g)

∫
(3x2 − 4x+ 2)dx

(x− 2)(x+ 1)2

(h)

∫
(x2 − x+ 2)dx

x3 − 4x2 + 4x
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(i)

∫
(4x2 + x+ 12)dx

x(x2 + 4)

(j)

∫
(−x+ 3)dx

x3 + x2 + x+ 1

(k)

∫
3dx

x3 + 1

(l)

∫
(2x4 + x3 + 3x2 − 3x)dx

x3 − 1

Exercise 15. (Level 3)

Compute the indefinite integrals below:

(a)

∫
(x3 + 4x2 − 2x− 1)dx

x2(x− 1)(x+ 1)

(b)

∫
4x2dx

x4 − 1

(c)

∫
(4x2 + 8x+ 2)dx

(x+ 1)2(x2 + 4x+ 5)

(d)

∫
x6 + 2x4 + 2x2 + 2x+ 2

(x2 + 1)2
dx

(e)

∫
8x2dx

x4 + 4

(f)

∫
(−2x3 + 2x+ 4)dx

x6 − x2

Exercise 16. (Level 3)

Evaluate the following integrals.

(a)

∫
dx

sin3 x

(b)

∫
dx

1 + sinx

(c)

∫
dx

sinx cos4 x

(d)

∫
dx

2 + sinx

(e)

∫
1− cosx

3 + cosx
dx

(f)

∫
cosx+ 1

sinx+ cosx
dx
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