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Techniques of Integration :

Integration by parts: If u(x) and v(x) are differentiable, then∫
uv′dx = uv −

∫
u′vdx.

If u(x) is n-time differentiable and v(x) is differentiable, then∫
uv′dx =

[
n−1∑
r=0

(−1)ru(r)vr

]
+ (−1)n

∫
u(n)vn−1dx,

where vr+1 is a primitive of vr for any non-negative integer r with v0 = v.

Reduction formula: For In =
∫
fn(x)dx, express In in terms of Ik’s with k < n.

Integration of products of two common functions:

1. I =
∫
xneaxdx, where n ∈ Z, n ≥ 0 and a ∈ R.

a Method I =

= 0 Direct integration xn+1

n+1 + C

6= 0 By parts: u = xn, v′ = eax eax

a

∑n
r=0 P

n
r (− 1

a)rxn−r + C

2. I =
∫
xa(lnx)ndx, where n ∈ Z, n ≥ 0 and a ∈ R.

a Method I =

= −1 Sub.: y = lnx (lnx)n+1

n+1 + C

6= −1 By parts: u = (lnx)n, v′ = xa xa+1

a+1

∑n
r=0 P

n
r (− 1

a+1)r(lnx)n−r + C

3. I =
∫
xnf(αx)dx, where f(x) = sinx or cosx, n ∈ Z, n ≥ 0, α ∈ R, α 6= 0.

f(x) = Method I =

sinx By parts: u = xn, v′ = f(αx) −
∑n

r=0 P
n
r
xn−r

αr+1 cos(αx+ rπ
2 ) + C

cosx By parts: u = xn, v′ = f(αx)
∑n

r=0 P
n
r
xn−r

αr+1 sin(αx+ rπ
2 ) + C

4. I =
∫

sinαx cosβxdx,
∫

sinαx sinβxdx or
∫

cosαx cosβxdx, where α, β ∈ R.
Method: by trigonometric product-to-sum formulae:

(a) sinαx cosβx = 1
2(sin(α+ β)x+ sin(α− β)x).

(b) sinαx sinβx = −1
2(cos(α+ β)x− cos(α− β)x).

(c) cosαx cosβx = 1
2(cos(α+ β)x+ cos(α− β)x).
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5. Im,n(α) =
∫

sinm αx cosn αxdx, where m,n ∈ Z, m,n ≥ 0, α ∈ R, α 6= 0.

(m,n) Method Im,n(α) =

(o, ·) Sub.: u = cosαx 1
α

∑(m−1)/2
r=0 C

(m−1)/2
r

(−1)r cosn+2r+1 αx
n+2r+1 + C

(·, o) Sub.: u = sinαx 1
α

∑(n−1)/2
r=0 C

(n−1)/2
r

(−1)r sinm+2r+1 αx
m+2r+1 + C

where ‘o’ means ‘odd’ while ‘e’ means ‘even’. For both m and n are even, use
sin2 αx = 1

2(1− cos 2αx) and cos2 αx = 1
2(1 + cos 2αx) so that

Im,n(α) = 2−
m+n

2

m/2∑
r=0

n/2∑
s=0

(−1)rCm/2r Cn/2s I0,r+s(2α).

6. Im,n =
∫

tanm αx secn αxdx, where m,n ∈ Z, m,n ≥ 0, α ∈ R, α 6= 0.

(m,n) Method Im,n =

(o, ·), n > 0 Sub.: u = secαx 1
α

∑(m−1)/2
r=0 C

(m−1)/2
r

(−1)r secm+n−2r−1 αx
m+n−2r−1 + C

(·, e), n > 0 Sub.: u = tanαx 1
α

∑(n−2)/2
r=0 C

(n−2)/2
r

tanm+2r+1 αx
m+2r+1 + C

where ‘o’ means ‘odd’ while ‘e’ means ‘even’. For all other cases, use integration by
parts and tan2 αx = sec2 αx− 1 to obtain the following reduction formulae:

Im,n = − m− 1

m+ n− 1
Im−2,n +

tanm−1 αx secn αx

α(m+ n− 1)
, for m ≥ 2,

Im,n =
n− 2

m+ n− 1
Im,n−2 +

tanm+1 αx secn−2 αx

α(m+ n− 1)
, for n ≥ 2,

I0,1 =
1

α
ln|secαx+ tanαx|+ C; I1,0 =

1

α
ln|secαx|+ C; I0,0 = C.

Problems that may be demonstrated in class :

Q1. Let m ∈ N. Evaluate limn→∞
∑n

k=1
km

nm+1 .

Q2. Show that ln n+1
n ≤ 1

n for any positive integer n. Hence use comparison test to
prove that

∑∞
n=1

1
n is divergent.

Q3. Compute the following indefinite/definite integrals:

(a)
∫
x3e2xdx; (b)

∫ e
1 x
−2(lnx)2dx; (c)

∫ 1
0 x

2 sinπxdx; (d)
∫
x sin 7x cos 2xdx;

(e)
∫

sec4 xdx; (f)
∫

sin2 x cos2 xdx; (g)
∫ π/2
0 sin5 xdx; (h)

∫ 1
−1 sinhx sec3 xdx;

(i)
∫

arcsinxdx; (j)
∫

sinhx cosxdx; (k)
∫
ex sin 3xdx; (l)

∫
tan2 x sec3 xdx.

Q4. ∀n ∈ Z with n ≥ 0, let In =
∫

(arcsinx)ndx and Jn =
∫ 1
0 (arcsinx)ndx.

(a) Prove that In+2 = x(arcsinx)n+2+(n+2)
√

1− x2(arcsinx)n+1−(n+2)(n+1)In;

(b) Prove that

Jn =

{∑n/2
r=0(−1)

n
2
−r n!

(2r)!(
π
2 )2r, if n is even;

(−1)
n+1
2 n! +

∑(n−1)/2
r=0 (−1)

n−1
2
−r n!

(2r+1)!(
π
2 )2r+1, if n is odd.
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