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Answer all questions and show all your steps.

(1) (30 marks) Show the Ricci Identity

D2T (· · · , X, Y )−D2T (· · · , Y,X) = (RXY T )(· · · )

for any smooth tensor field T , where R is the curvature tensor.

(2) (30 marks) Let ϕ : N →M be a C∞ map from a C∞ manifold

N to a Riemannian manifold M with Levi-Civita Connection

D. Define the induced connection D̃ of D along the map ϕ by

writing down a formula for D̃VX, where V is a smooth vector

field on N and X is a smooth vector field along ϕ. Then show

that for any smooth vector fields V and W on N ,

D̃V dϕ(W )− D̃Wdϕ(V )− dϕ([V,W ]) = 0.

(3) (40 marks) Let M be a complete Riemannian manifold and

γ : [0.l] → M a geodesic parametrized by arc-length. Suppose

that there is no conjugate point of γ(0) along γ and that there is

a real number β such that for any 2-plane Π ⊂ Tγ(t)M , t ∈ [0, l],

containing γ′(t), the sectional curvature K(Π) ≤ β. Show that

for any normal Jacobi field U(t) along γ with U(0) = 0 and

limt→0〈U̇ , U|U |〉 = 1,

|U(t)| ≥
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(End)
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