




MATH2010A Advanced Calculus I, 2013-14

Homework 03
Related to the lecture of Lecture 04

Please identify the graph of the quadratic equation on R2

144x2 + 120xy + 25y2 − 247x− 286y = 0

in the following way.

Step 1. Verify that the equation can be rewritten as q(x, y) = 0 with

q(x, y) = (x, y)A

(
x
y

)
+ (−247,−286)

(
x
y

)
,

where

A =

(
144 60
60 25

)
.

Step 2. Solve the eigenvalue problem on the matrix A, that is to find all the eigenvalues and eigen-
vectors. Precisely, to find eigenvalues of A, we need to solve the characteristic equation of
A:

det(A− λI) = 0,

where I stands for the 2× 2 identity matrix. Suppose that the solution is denoted by λ = λ1

or λ2. For λ1, to find the associated column eigenvector v1 #= 0, solve the linear system

Av1 = λ1v1, i.e. (A− λ1I)v1 =

(
0
0

)
,

and for λ2, to find the associated column eigenvector v2 #= 0, solve the linear system

Av2 = λ2v2, i.e. (A− λ2I)v2 =

(
0
0

)
.

Step 3. Define the rotation matrix R in the following way that if det(v1/|v1|,v2/|v2|) = 1 then
R = (v1/|v1|,v2/|v2|), and if det(v1/|v1|,v2/|v2|) = −1 then R = (v1/|v1|,−v2/|v2|). Verify
that R can be chosen as

R =
1

13

(
12 −5
−5 12

)
.

Step 4. Verify that by substituting
(
x
y

)
= R

(
u
v

)
=

(
12
13 − 5

13
− 5

13
12
13

)(
u
v

)

into q(x, y), one has the new form q̃(u, v) without uv term, where

q̃(u, v) = 169u2 − 338u− 169v.

Moreover, verify that in terms of uv coordinates, q(x, y) = 0 can be written as

u2 − 2u− v = 0.

Step 5. Identify the graph of u2−2u−v = 0 by drawing it on plane in terms of both the uv coordinate
and xy coordinate.
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